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HIRZEBRUCH χy-GENERA OF COMPLEX ALGEBRAIC FIBER BUNDLES
— THE MULTIPLICATIVITY OF THE SIGNATURE MODULO 4 —
SHOJI YOKURA(∗)
ABSTRACT. Let E be a fiber F bundle over a base B such that E,F and B are smooth compact
complex algebraic varieties. In this paper we give explicit formulae for the difference of the Hirzebruch
χy-genus χy(E) − χy(F )χy(B). As a byproduct of the formulae we obtain that the signature of
such a fiber bundle is multiplicative mod 4, i.e. the signature difference σ(E) − σ(F )σ(B) is always
divisible by 4. In the case of dimC E ≦ 4 the χy-genus difference χy(E) − χy(F )χy(B) can be
concretely described only in terms of the signature difference σ(E) − σ(F )σ(B) and/or the Todd
genus difference τ (E)− τ (F )τ (B). Using this we can obtain that in order for χy to be multiplicative
χy(E) = χy(F ) · χy(B) for any such fiber bundle y has to be −1, namely only the Euler-Poincare´
characteristic is multiplicative for any such fiber bundle.
1. INTRODUCTION
The Hirzebruch χy-genus has been introduced by F. Hirzebruch [14] (also see [15]) in order to
extend his famous Hirzebruch-Riemann-Roch theorem to a generalized one. If y = −1, 0, 1, then
these χy-genera are respectively χ−1(X) = χ(X) the Euler-Poincare´ characteristic, χ0(X) = τ(X)
the Todd genus and χ1(X) = σ(X) the signature, which are very important invariants in geometry
and topology, and even in mathematical physics. In this sense the Hirzebruch χy-genus unifies these
three important characteristic numbers.
It is well-known that the Euler-Poincare´ characteristic is multiplicative for any topological fiber
bundle, i.e. if E is a fiber bundle with a fiber space F and a base space B, then χ(E) = χ(F )χ(B)
holds. As to the signature it is not the case. S. S. Chern, F. Hirzebruch and J.-P. Serre [10] proved
that the signature is multiplicative for a fiber bundle under a certain monodromy condition, i.e. if
the fundamental group π1(B) of the base space B acts trivially on the cohomology group H∗(F ;R)
of the fiber space F , for example, that is the case when B is simply-connected. The signature is in
general not multiplicative for fibre bundles, as shown by M. Atiyah [1], F. Hirzebruch [13] and K.
Kodaira [16]. These examples are all of real dimension 4, which is the lowest possible one, with
dimR F = dimRB = 2. Which means that the signature of these examples are automatically non-
zero, because σ(F ) = σ(B) = 0 by the definition of the signature (which is defined to be zero if the
real dimension of the manifold is not divisible by 4). H. Endo [11] and W. Meyer [21] further studied
such surface bundles over surfaces, in which they show that the signature of such fiber bundles are
always divisible by 4, i.e. σ(E) ≡ 0mod 4.
I. Hambleton, A. Korzeniewski and A. Ranicki [12] have showed that for a PL fibre bundle F →֒
E → B of closed, connected, compatibly oriented PL manifolds the difference σ(E)−σ(F )σ(B) is
divisible by 4, i.e. σ(E) ≡ σ(F )σ(B)mod 4.
The Hirzebruch χy-genus is multiplicative, i.e. χy(X × Y ) = χy(X)χy(Y ). In [7] (also see [8],
[9], [18]) S. Cappell, L. Maxim and J. Shaneson have shown that the Hirzebruch χy-genus is also
multiplicative for a fiber bundle, i.e., χy(E) = χy(F )χy(B), if the fundamental group π1(B) of
the base space B acts trivially on the cohomology group H∗(F ;R) of the fiber space F , extending
(*) Partially supported by JSPS KAKENHI Grant Numbers 23244008, 24340007, 24540085 .
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the above mentioned result of Chern-Hirzebruch-Serre [10]. In fact they deal with the more general
Hirzebruch χy-genus of possibly singular varieties, which are defined to be the integral
∫
X
Ty∗(X)
of the motivic Hirzeburch class Ty∗(X) introduced in [2] (cf. [3]). Even in the case of possibly
singular varieties, for the multiplicativity χy(E) = χy(F )χy(B) to hold, the smoothness of the base
variety B is required and it is not known whether this smoothness can be dropped or not. In this paper
we consider only smooth varieties, thus we do not deal with this more general χy-genus χy(X) =∫
X
Ty∗(X), mainly because in this paper the duality formula (see below) of the Hirezebruch χy-genus
is crucial.
In this paper we consider the difference of the Hirzebruch χy-genus, χy(E) − χy(F )χy(B), more
precisely we try to express the difference in terms of the Euler-Poincare´ characteristic, the Todd genus
and the signature. As a byproduct, it turns out that from the explicit formula describing the difference
χy(E) − χy(F )χy(B) we obtain various results, for example we obtain that the signature of such
a fiber bundle is multiplicative mod 4, i.e. σ(E) ≡ σ(F )σ(B)mod 4, which is compatible with
the above mentioned result of Hambleton-Korzeniewski-Ranicki [12]. In this sense our result can be
said to be an interesting application of the Hirzebruch χy-genus to the “multiplicativity problem” of
the signature, and also that only the Euler-Poincare´ characteristic is multiplicative for any such fiber
bundles.
In the case of possibly singular varieties, for the difference of the χy-genus χy(X) and the motivic
Hirzebruch class Ty∗(X) and their intersection-homological analogues Iχy(X) and ITy∗(X), see the
papers [6], [7], [8], [9], [18] etc (cf. [26]).
2. HIRZEBRUCH χy -GENUS
First we recall the definition of the Hirzebruch χy-genus. Let X be a smooth complex algebraic
variety. The χy-genus of X is defined by
χy(X) :=
∑
p≥0
χ(X,ΛpT ∗X)yp =
∑
p≥0

∑
i≥0
(−1)i dimCH
i(X,ΛpT ∗X)

 yp .
Thus the χy-genus is the generating function of the Euler-Poincare´ characteristic χ(X,ΛpT ∗X) of
the sheaf ΛpT ∗X, which shall be simply denoted by χp(X):
χy(X) =
∑
p≥0
χp(X)yp.
Since ΛpT ∗X = 0 for p > dimCX, χy(X) is a polynomial of at most degree dimCX. χy is
multiplicative, i.e. χy(X × Y ) = χy(X)χy(Y ).
For the distinguished three values −1, 0, 1 of y, by the definition we have the following:
• the Euler-Poincare´ characteristic:
χ(X) = χ−1(X) = χ
0(X)− χ1(X) + χ2(X) − · · ·+ (−1)nχn(X),
• the Todd genus:
τ(X) = χ0(X) = χ
0(X),
• the signature:
σ(X) = χ1(X) = χ
0(X) + χ1(X) + χ2(X) + · · ·+ χn(X).
We also remark that it follows from [14] that (duality formula)
(2.1) χp(X) = (−1)nχn−p(X),
which plays an important role in this paper as we will see soon.
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3. HIRZEBRUCH χy-GENERA OF FIBER BUNDLES
3.1. In the case of fiber bundle whose total complex dimension is odd.
Theorem 3.1. For a smooth compact complex algebraic variety of odd dimension 2n+ 1, we have
χy(X) = τ(X)
(
1 + (−1)n+1yn
)(
1− (−1)n+1yn+1
)
+ (−1)n
χ(X)
2
yn(1− y)+
n−1∑
i=1
χi(X)yi
(
1− (−1)n−iyn−i
)(
1 + (−1)n−iyn−i+1
)
.
It is a tedious computation, but for the sake of the reader we write down a proof.
Proof. By the duality formula χi(X) = (−1)2n+1χ2n+1−i(X) = −χ2n+1−i(X), we get
χy(X) = τ(X) +
n∑
i=1
χi(X)yi +
2n+1∑
i=n+1
(−χ2n+1−i(X))yi
= τ(X) +
n∑
i=1
χi(X)yi −
n+1∑
j=1
χn+1−j(X)yn+j
= τ(X)(1 − y2n+1) +
n∑
i=1
χi(X)(yi − y2n+1−i).
Then we have
(3.2) χ(X) = χ−1(X) = 2τ(X) +
n∑
i=1
(−1)i2χi(X).
Hence we have
(−1)n+12χn(X) = 2τ(X) − χ(X) +
n−1∑
i=1
(−1)i2χi(X).
namely, we have
χn(X) = (−1)n+1τ(X) + (−1)n
χ(X)
2
+
n−1∑
i=1
(−1)n−i−1χi(X).
Thus we get
χy(X) = τ(X)(1 − y
2n+1) +
n−1∑
i=1
χi(X)(yi − y2n+1−i)+
(
(−1)n+1τ(X) + (−1)n
χ(X)
2
+
n−1∑
i=1
(−1)n−i−1χi(X)
)
(yn − yn+1)
= τ(X)
(
1− y2n+1 + (−1)n+1yn − (−1)n+1yn+1
)
+
(−1)n
χ(X)
2
yn(1− y) +
n−1∑
i=1
χi(X)yi
(
1− y2n+1−2i − (−1)n−iyn−i − (−1)n−i+1yn−i+1
)
.
From which we get the above formula in the theorem. 
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Since the Hirzebruch χy-genus χy(X) is an integral polynomial,i.e.χy(X) ∈ Z[y], the appearance
of χ(X)2 in the above formula or the above equation (3.2) implies the following corollary, which one
could obtain directly without using the Hirzebruch χy-genus, because it seems to be a well-known
fact in topology of manifolds that the Euler-Poincare´ characteristic of a compact orientable smooth
manifold M of real dimension 4k + 2 is always even (which follows from the Poincare´ duality and
dimRH
2k+1(M,R) being even):
Corollary 3.3. Let X be a smooth compact complex algebraic varieties of odd complex dimension.
Then its Euler-Poincare´ characteristic χ(X) is even.
Corollary 3.4. Let E be a fiber F bundle over a base B such that dimF + dimB = 2n + 1.
χy(E)−χy(F )χy(B) =
(
τ(E)− τ(F )τ(B)
)(
1 + (−1)n+1yn
)(
1− (−1)n+1yn+1
)
+
n−1∑
i=1
(
χi(E)− χi(F ×B)
)(
1− (−1)n−iyn−i
)(
1 + (−1)n−iyn−i+1
)
.
Remark 3.5. In the above corollary, we note that
χi(F ×B) =
i∑
j=0
χj(F )χi−j(B),
which follows from the multiplicativity χy(F ×B) = χy(F )χy(B).
Corollary 3.6. In the case when n = 0 in the above theorem, and let g(X) be the genus of the curve
X. we have
τ(X) =
χ(X)
2
= 1− g(X) and χy(X) = τ(X)(1 − y) =
χ(X)
2
(1− y) = (1− g(X)) (1− y).
Corollary 3.7. In the case when n = 1 in the above theorem, we have
χ1(X) = τ(X)−
χ(X)
2
and χy(X) = τ(X)(1 + y)2(1− y)−
χ(X)
2
y(1− y).
Corollary 3.8. Let E be a fiber bundle with fiber F and base B such that dimF = 1 and dimB = 2
or dimF = 2 and dimB = 1, i.e., E is a curve bundle over a surface or a surface bundle over a
curve.
(1) The difference of the Hirzebruch χy-genus is the following:
χy(E) − χy(F )χy(B) =
(
τ(E)− τ(F )τ(B)
)
(1 + y)2(1− y).
(2) χy(E) = χy(F )χy(B) (∀y) ⇐⇒ τ(E) = τ(F )τ(B).
Corollary 3.9. In the case when n = 2 in the above theorem, we have
χy(X) = τ(X)(1 − y
2)(1 + y3) + χ1(X)y(1 + y)2(1− y) +
χ(X)
2
y2(1− y).
Corollary 3.10. LetE be a fiber bundle with fiber F and base B such that dimF = 1 and dimB = 4,
dimF = 2 and dimB = 3, dimF = 3 and dimB = 2, or dimF = 4 and dimB = 1, i.e., E is a
curve bundle over a 4-fold, a surface bundle over a 3-fold, a 3-fold bundle over a surface, or a 4-fold
bundle over a curve.
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(1) The difference of the Hirzebruch χy-genus is the following:
χy(E) − χy(F )χy(B) =
(
τ(E)− τ(F )τ(B)
)
(1− y2)(1 + y3)+(
χ1(E)− τ(F )χ1(B)− χ1(F )τ(B)
)
y(1 + y)2(1− y).
(2) χy(E) = χy(F )χy(B)(∀y)⇔ τ(E) = τ(F )τ(B) and χ1(E) = τ(F )χ1(B) + χ1(F )τ(B).
3.2. In the case of fiber bundles whose total complex dimension is even. Here we consider the
case of dimCX = 2n.
By the duality formula (2.1) at the end of §2, we have
χy(X) =
n−1∑
i=0
χi(X)(yi + y2n−i) + χn(X)yn(3.11)
=
n−1∑
i=0
χi(X)yi
(
1 + y2n−2i
)
+ χn(X)yn(3.12)
Thus we have
χ(X) = χ−1(X) =
n−1∑
i=0
(−1)i2χi(X) + (−1)nχn(X),
σ(X) = χ1(X) =
n−1∑
i=0
2χi(X) + χn(X).
Therefore we have
(3.13) σ(X) + χ(X) =
n−1∑
i=0
2
(
1 + (−1)i
)
χi(X) +
(
1 + (−1)n
)
χn(X),
(3.14) σ(X)− χ(X) =
n−1∑
i=0
2
(
1 + (−1)i+1
)
χi(X) +
(
1 + (−1)n+1
)
χn(X).
In order to continue further, we need to consider the case when n = 2k is even and the case when
n = 2k + 1 is odd, i.e., 2n = 4k, 4k + 2.
Theorem 3.15. In the case when dimCX = 4k
χy(X) =τ(X)(1 − y
2k)2 +
σ(X)
4
y2k−1(1 + y)2 −
χ(X)
4
y2k−1(1− y)2+
k−1∑
j=1
χ2j(X)y2j(1− y2k−2j)2+
k−1∑
j=1
χ2j−1(X)y2j−1(1− y2k−2j)(1− y2k−2j+2).
Proof. It follows from (3.13) and (3.14) that we have
(3.16) σ(X) + χ(X) = 4τ(X) + 4
k−1∑
j=1
χ2j(X) + 2χ2k(X),
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(3.17) σ(X) − χ(X) = 4
k∑
j=1
χ2j−1(X).
From which we get the following:
(3.18) χ2k(X) = σ(X) + χ(X)
2
− 2τ(X) − 2
k−1∑
j=1
χ2j(X),
(3.19) χ2k−1(X) = σ(X) − χ(X)
4
−
k−1∑
j=1
χ2j−1(X).
Since n = 2k, by singling out the last two terms of degree 2k − 1 and 2k of (3.12), we have
(3.20) χy(X) =
2k−2∑
i=0
χi(X)yi
(
1 + y4k−2i
)
+ χ2k−1(X)y2k−1(1 + y2) + χ2k(X)y2k.
By plugging (3.18) and (3.19) into the above formula (3.20), we get
χy(X) = τ(X)
(
1 + y4k
)
+
2k−2∑
i=1
χi(X)yi
(
1 + y4k−2i
)
+
(σ(X)− χ(X)
4
−
k−1∑
j=1
χ2j−1(X)
)
y2k−1(1 + y2)+
(σ(X) + χ(X)
2
− 2τ(X) − 2
k−1∑
j=1
χ2j(X)
)
y2k.
Then, by cleaning them out with respect to τ(X), σ(X), χ(X), the “even part” χ2j(X) and the “odd
part” χ2j−1(X), we get the formula in the theorem. 
Theorem 3.21. In the case when dimCX = 4k + 2
χy(X) =τ(X)(1 − y
2k)(1− y2k+2) +
σ(X)
4
y2k(1 + y)2 +
χ(X)
4
y2k(1− y)2+
k−1∑
j=1
χ2j(X)y2j(1− y2k−2j)(1 − y2k−2j+2)+
k∑
j=1
χ2j−1(X)y2j−1(1− y2k−2j+2)2.
Proof. Since n = 2k + 1, it follows from (3.13) and (3.14) that we have
(3.22) σ(X) + χ(X) = 4τ(X) + 4
k∑
j=1
χ2j(X)
(3.23) σ(X) − χ(X) = 4
k∑
j=1
χ2j−1(X) + 2χ2k+1(X).
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From which we get the following:
(3.24) χ2k(X) = σ(X) + χ(X)
4
− τ(X)−
k−1∑
j=1
χ2j(X),
(3.25) χ2k+1(X) = σ(X)− χ(X)
2
− 2
k∑
j=1
χ2j−1(X).
Since n = 2k + 1, by singling out the last two terms of degree 2k and 2k + 1 of (3.12), we have
(3.26) χy(X) =
2k−1∑
i=0
χi(X)yi
(
1 + y4k+2−2i
)
+ χ2k(X)y2k(1 + y2) + χ2k+1(X)y2k+1.
By plugging (3.24) and (3.25) into the above formula (3.26), we get
χy(X) = τ(X)
(
1 + y4k+2
)
+
2k−2∑
i=1
χi(X)yi
(
1 + y4k+2−2i
)
+
(σ(X) + χ(X)
4
− τ(X)−
k−1∑
j=1
χ2j(X)
)
y2k(1 + y2)+
(σ(X)− χ(X)
2
− 2
k∑
j=1
χ2j−1(X)
)
y2k+1.
Then, by cleaning them out with respect to τ(X), σ(X), χ(X), the “even part” χ2j(X) and the “odd
part” χ2j−1(X), we get the formula in the theorem.

Corollary 3.27. (1) If E is a fiber F bundle over a base B such that dimC F + dimCB = 4k, then
the difference of the Hirzebruch χy-genus is
χy(E)−χy(F )χy(B) =
(
τ(E)− τ(F )τ(B)
)
(1− y2k)2+
σ(E)− σ(F )σ(B)
4
y2k−1(1 + y)2+
k−1∑
j=1
(
χ2j(E)− χ2j(F ×B)
)
y2j(1− y2k−2j)2+
k−1∑
j=1
(
χ2j−1(E)− χ2j−1(F ×B)
)
y2j−1(1− y2k−2j)(1− y2k−2j+2).
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(2) If E is a fiber F bundle over a base B such that dimC F +dimCB = 4k+2, then the difference
of the Hirzebruch χy-genus is
χy(E)−χy(F )χy(B) =
(
τ(E)− τ(F )τ(B)
)
(1− y2k)(1 − y2k+2)+
σ(E)− σ(F )σ(B)
4
y2k(1 + y)2+
k−1∑
j=1
(
χ2j(E)− χ2j(F ×B)
)
y2j(1− y2k−2j)(1 − y2k−2j+2)+
k−1∑
j=1
(
χ2j−1(E) − χ2j−1(F ×B)
)
y2j−1(1− y2k−2j+2)2.
Since the Hirzebruch χy-genus is an integral polynomial, from the above formulae we get the
following theorem, which is compatible with the main result of Hambleton-Korzeniewski-Ranicki
[12]:
Theorem 3.28. Let E be a fiber F bundle over a base B. Then the following always hold:
σ(E) ≡ σ(F )σ(B) mod 4.
Remark 3.29. In the case when dimCE is odd, either dimC F or dimCB is odd, thus by the definition
of the signature σ(E) = σ(F )σ(B) = 0, thus the above formula is trivial. So the above theorem is in
fact for the case when dimCE is even.
Remark 3.30. In the above we try to give explicit formulae for the Hirzebruch χy-genera χy(X)
and the difference χy(E) − χy(F )χy(B) for a fiber bundle F →֒ E → B, and as a byproduct we
get the multiplicativity of the signature modulo 4. In fact, as far as such congruent expressions are
concerned, using the formulae such as (3.16), (3.17), (3.22), (3.23) used in the above proof, we can
get the following general congruent expressions.
(1) Let X be a smooth compact complex algebraic variety of complex dimension 4k. Then it
follows from (3.17) that
σ(X) − χ(X) ≡ 0 mod4, i.e. σ(X) ≡ χ(X) mod 4.
If we use (3.16) we get a weaker one:
σ(X) + χ(X) ≡ 0 mod2, i.e. σ(X) ≡ χ(X) mod 2.
(2) Let X and Y be both smooth compact complex algebraic varieties of complex dimension
divisible by 4, where we do not necessarily require that the dimensions are the same. Using
(3.17) we get
σ(X) − χ(X) ≡ σ(Y )− χ(Y ) mod 4, i.e. σ(X)− σ(Y ) ≡ χ(X) − χ(Y )mod 4.
Using (3.16) we get a weaker one:
σ(X) + χ(X) ≡ σ(Y ) + χ(Y ) mod 2, i.e. σ(X)− σ(Y ) ≡ χ(X) − χ(Y )mod 2.
Hence, if χ(X) = χ(Y ), such as the case when X is a fiber F bundle over a base B and
Y = F ×B, then we obtain σ(X) ≡ σ(Y )mod 4 and a weaker one σ(X) ≡ σ(Y )mod 2.
(3) Let X and Y be both smooth compact complex algebraic varieties of complex dimension
4k + 2 and 4j + 2, where we do not necessarily require k = j. Using (3.22) we get
σ(X) + χ(X) ≡ σ(Y ) + χ(Y ) mod 4, i.e. σ(X)− σ(Y ) ≡ χ(Y )− χ(X)mod 4.
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Using (3.23) we get a weaker one:
σ(X)− χ(X) ≡ σ(Y )− χ(Y ) mod 2, i.e. σ(X) − σ(Y ) ≡ χ(X)− χ(Y )mod 2.
Hence, if χ(X) = χ(Y ), such as the case when X is a fiber F bundle over a base B and
Y = F ×B, then we obtain σ(X) ≡ σ(Y )mod 4 and a weaker one σ(X) ≡ σ(Y )mod 2.
Corollary 3.31. In the case when 2n = 2, i.e. n = 1 in the above arguments, we have
(1) τ(X) = σ(X) + χ(X)
4
, χ1(X) =
σ(X) − χ(X)
2
.
(2) χy(X) = σ(X)
4
(1 + y)2 +
χ(X)
4
(1− y)2.
Corollary 3.32. Let E be a curve F bundle over a curve B.
(1) The difference of the Hirzebruch χy-genus is the following:
χy(E)− χy(F )χy(B) =
σ(E)
4
(1 + y)2,
namely, we have
χy(E) =
(
1− g(F )
)(
1− g(B)
)
(1− y)2 +
σ(E)
4
(1 + y)2.
(2) In particular, the signature σ(E) is always divisible by 4.
Remark 3.33. The result (2) of Corollary 3.32 is compatible with the result of H. Endo [11] and W.
Meyer [21] that the signature of surface bundle over surface is always divisive by 4, where surface is
a surface of real dimension, not of complex dimension.
Remark 3.34. In [5] J. Bryan and R. Donagi proves the following
Theorem For any integers g, n ≧ 2, there exists a connected algebraic surface Xg,n of signature
σ(Xg,n) =
4
3g(g − 1)(n
2 − 1)n2g−3 that admits two smooth fibrations π1 : Xg,n → C and π2 :
Xg,n → D˜ with base and fiber genus (bi, fi) equal to
(b1, f1) =
(
g, g(gn − 1)n2g−2 + 1
)
and
(b2, f2) =
(
g(g − 1)n2g−2 + 1, gn
)
.
respectively.
Here we note that the signature σ(Xg,n) = 43g(g− 1)(n
2− 1)n2g−3 is indeed divisible by 4,in fact
divisible by 8, because (n2 − 1)n2g−3 = (n2 − 1)n · n2g−4 = (n − 1)n(n + 1)n2g−4 is divisible by
6 (since (n − 1)n(n + 1) is divisible by 6), thus the signature is divisible by 4 × 2. Furthermore it
follows from the above corollary the χy-genus of the surface Xg,n (for both fibrations) is given by
χy(Xg,n) = g(gn − 1)n
2g−2(g − 1)(1 − y)2 +
1
3
g(g − 1)(n2 − 1)n2g−3(1 + y)2.
From which we get that
χ(Xg,n) = 4g(g − 1)(gn − 1)n
2g−2 and τ(Xg,n) =
1
3
g(g − 1)n2g−3(3gn2 − 3n + n2 − 1).
From the above corollary we get the following theorem.
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Theorem 3.35. χy-genus is multiplicative for any such fiber bundle F → E → B as above (without
any dimension requirement) if and only if y = −1, i.e. the only Euler-Poincare´ characteristic χ is
multiplicative for any such fiber bundle.
Proof. Let y be a value such that χy-genus is multiplicative for any such fiber bundle F → E → B.
Then consider it for a curve bundle over a curve by Atiyah [1] or the above examples by Bryan-
Donagi, in which case the signature of the total space E is non-zero. Hence we have to have 0 =
χy(E)− χ(F )χ(B) =
σ(E)
4 (1 + y)
2
, which implies that y = −1. 
Remark 3.36. χy(E) = χy(F )χy(B) if and only if σ(E) = 0, and σ(E) = 0 is equivalent to the
multiplicativity τ(E) = τ(F )τ(B). The latter follows from
4τ(E) = σ(E) + χ(E) and χ(E) = χ(F )χ(B) =
(
2τ(F )
)(
2τ(B)
)
= 4τ(F )τ(B).
Corollary 3.37. In the case when 2n = 4, i.e. n = 2 in the above proposition, we have
(1) χ1(X) = σ(X)− χ(X)
4
, χ2(X) =
σ(X) + χ(X)− 4τ(X)
2
.
(2) χy(X) = τ(X)(1 − y2)2 + σ(X)
4
y(1 + y)2 −
χ(X)
4
y(1− y)2.
Corollary 3.38. (1) Let E be a curve F bundle over a 3-fold B or a 3-fold bundle over a curve
B. Then the difference of the Hirzebruch χy-genus is the following:
χy(E) − χy(F )χy(B) =
(
τ(E)− τ(F )τ(B)
)
(1− y2)2 +
σ(E)
4
y(1 + y)2.
(2) LetE be a surface F bundle over a surface B. Then the difference of the Hirzebruch χy-genus
is the following:
χy(E)− χy(F )χy(B) =
(
τ(E)− τ(F )τ(B)
)
(1− y2)2+(
σ(E) − σ(F )σ(B)
4
)
y(1 + y)2.
(3) Let the situation be as both cases.
χy(E) = χy(F )χy(B) (∀y) ⇐⇒ τ(E) = τ(F )τ(B) and σ(E) = σ(F )σ(B).
4. FINAL REMARKS
We note that as to the general χy-genus χy(X) of possibly singular varieties, the value for which
χy is multiplicative for any fiber bundle with both fiber and base being possibly singular has to be −1.
χy-genus is a special case of the Hodge-Deligne polynomial χu,v(X) (defined by using the mixed
Hodge structure), i.e. χy(X) = χy,−1(X). We do know that the Hodge-Deligne polynomial is also
multiplicative χu,v(X × Y ) = χu,v(X)χu,v(Y ). Is it true that the values (u, v) for which the Hodge-
Deligne polynomial χu,v(X) is multiplicative for any fiber bundle with both fiber and base being
possibly singular has to be (−1,−1)?
To get the above various results the duality formula (2.1) is crucial. Therefore, even if E,F,B are
singular varieties, as long as the χy-genus χy(X) =
∫
X
Ty∗(X) satisfies the duality formula (such
a variety could be called “χy-duality variety”, mimicking the name of Poincare´ duality space), we
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would get the same results as above. For example, a projective simplicial toric variety as discussed in
[19] (cf. [20], [25]) is such a variety (pointed out by J. Schu¨rmann) 1.
C. Rovi [23] proved that for a fiber bundle F → E → B the signature is multiplicative mod 8,
σ(E) ≡ σ(F )σ(B)(mod 8) if π1(B) acts trivially on (H2m(F )/ torsion)⊗ Z4 (cf. A. Korzeniewski
[17]). As to the signature mod 8, S. Morita [22] has proved that for a closed oriented manifold M4k
of real dimension 4k,
σ(M) ≡ BK(H2k(M,Z2), q)(mod 8),
where BK(H2k(M,Z2), q) is the Z8-valued Brown-Kervaire invariant [4]. Using this Morita’s for-
mula we get the following formula for our situation of the complex algebraic fiber bundle F 2n →
E2n+2m → B2m (where we consider the complex dimensions 2n, 2m):
σ(E)− σ(F )σ(B) ≡ BK(H2n+2m(E,Z2), q)−BK(H
2n+2m(F ×B,Z2), q) (mod 8).
In [23] (also see its concise version [24]) C. Rovi has analyzed the Brown-Kervaire invariant difference
BK(H2n+2m(E,Z2), q)−BK(H
2n+2m(F ×B,Z2), q) in more details.
At the moment we do not know how to capture the parity of the integer σ(E)−σ(F )σ(B)4 and how
to relate this parity σ(E)−σ(F )σ(B)4 mod2 to Rovi’s Arf-Kervaire invariant [23] (suggested by A. Ran-
icki).
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